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NILPOTENT MODULES OVER POLYNOMIAL RINGS
IE.YU.CHAPOVSKYI, A. P. PETRAVCHUK
Abstract. Let K be an algebraically closed field of characteristic zero, K[X ] the polynomial
ring in n variables. The vector space Tn = K[X ] is a K[X ]-module with the action xi ·v = v
′
xi
for v ∈ Tn. Every finite dimensional submodule V of Tn is nilpotent, i.e. every polynomial
f ∈ K[X ] with zero constant term acts nilpotently (by multiplication) on V. We prove that
every nilpotent K[X ]-module V of finite dimension over K with one dimensional socle can
be isomorphically embedded in the module Tn. The automorphism groups of the module Tn
and its finite dimensional monomial submodules are found. Similar results are obtained for
(non-nilpotent) finite dimensional K[X ]-modules with one dimensional socle.
1. Introduction
Let K be an arbitrary algebraically closed field of characteristic zero, K[X ] := K[x1, . . . , xn]
the polynomial algebra in n variables. Every finite-dimensional module V over K[X ] deter-
mines n pairwise commuting matrices A1, . . . , An defining the action of the elements x1, . . . , xn
of the algebra K[X ] on V in some fixed basis of V . Classification (up to similarity) of such tu-
ples (A1, . . . , An) of square matrices is a wild problem in case of n ≥ 2 (see [2]), and therefore
classifying finite-dimensional K[X ]-modules is a wild problem as well. We consider K[X ]-
modules V with a restriction: V has only one minimal submodule, i.e. dimK Soc(V ) = 1. A
natural example of such a module is the linear space Tn := K[X ] over the field K with the
following action of the algebra K[X ] on Tn: xif =
∂
∂xi
(f) for all f ∈ Tn (this module is infinite
dimensional, and its every nonzero finite dimensional submodule has one dimensional socle).
Finite dimensional submodules of the module T2 were studied in [3] (such modules appeared
there as polynomial translation modules). Some properties of modules over polynomial rings
were studied in [5, 7]. Note that endomorphisms of modules over the polynomial ring in one
variable were studied in [1].
Each finite-dimensional module V over the algebra K[X ] is also a module over the abelian
Lie algebra K〈S1, . . . , Sn〉 spanned by the linear operators Si which define the action of the
elements xi on the module V (about connection between Lie algebras and modules over poly-
nomial rings see [6]). Let V be a finite dimensional module over the Lie algebra K〈S1, . . . , Sn〉.
Then V is a direct sum of root submodules V = Vλ1 ⊕· · ·⊕Vλk , where λi are roots on the Lie
algebra K〈S1, . . . , Sn〉. Each element a from K〈S1, . . . , Sn〉 induces on Vλi a linear operator
ai with the only eigenvalue λi(a). Hence, it is sufficient to consider root subspaces only and
to suppose that the elements of K〈S1, . . . , Sn〉 induce linear operators on the module V with
one eigenvalue. First, we consider modules, where this eigenvalue λ(a) is equal to zero. We
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call such modules (over polynomial rings) nilpotent. In fact, for such a module V there is a
number k with (K0[X ])
kV = 0, where K0[X ] is the ideal of K[X ] consisting of polynomials
with zero constant term.
The main results of the paper: it is shown that every nilpotent finite dimensional K[X ]-
module with one dimensional socle is isomorphic to a submodule of the module Tn (Theorem
1). This result can also be extended on non-nilpotent modules with one dimensional socle. It
is proved that every finite dimensional module with one dimensional socle can be isomorphi-
cally embedded in the module Dλ1,...,λn for some λ1, . . . , λn ∈ K (Corollary 1). Automorphism
groups of the K[X ]-module Tn and its finite dimensional submodules are studied. In partic-
ular, it is proved that Aut(Tn) ≃ K[[X ]]
∗, where K[[X ]]∗ is the multiplicative group of the
algebra K[[X ]] of formal power series in n variables (Theorem 4). As a consequence, the
K[X ]-module Tn contains exactly one isomorphic copy of each finite dimensional nilpotent
K[X ]-module with one-dimensional socle (Corollary 4).
We use standard notation. The ground field K is of characteristic zero, K[[X ]] :=
K[[x1, . . . , xn]] is the algebra of formal power series in n variables. We denote by K0[X ]
the ideal of the polynomial algebra K[X ] consisting of polynomials with zero constant term.
Recall that the socle Soc(M) of a module M is the sum of all its minimal submodules. A
K[X ]-module V is called nilpotent if (K0[X ])
kV = 0 for some natural k. A K[X ]-module V is
said to be locally nilpotent if for any a ∈ K0[X ], v ∈ V there exists a number k = k(a, v) such
that akv = 0. If V is a nilpotent finite dimensional K[X ]-module, then Soc(V ) =
⋂n
i=1 ker Si,
where Si is the linear operator on V induced by the element xi ∈ K[X ]. Further, End(V )
denotes the K-algebra of all endomorphisms of the module V. If V is a K[X ]-module and θ
is an automorphism of the algebra K[X ], then Vθ is the ”twisted” K[X ]-module with the
action: f ◦ v = θ(f) · v, f ∈ K[X ], v ∈ V.
2. The universal K[X ]-module with one dimensional socle
Recall that Tn denotes the K[X ]-module K[X ] with the action of the algebra generators
xi on Tn by the rule: xif =
∂
∂xi
(f), i = 1, . . . , n, f ∈ Tn. It is easy to see that Tn is a
locally nilpotent K[X ]-module and Soc(Tn) = K[1] is a one-dimensional submodule. The
following statement is well known (and can be derived from standard facts about de Rham
cohomologies) but having no exact references we supply it with a proof.
Lemma 1. Let f1, . . . , fk, k ≤ n be elements of K[x1, . . . , xn]. If the polynomials f1, . . . , fk
satisfy the conditions ∂fi
∂xj
=
∂fj
∂xi
, i, j = 1, . . . , k, then there exists a polynomial h ∈
K[x1, . . . , xn] such that
∂h
∂xi
= fi, i = 1, . . . , k. The polynomial h is determined by polynomials
f1, . . . , fk uniquely up to a summand from K[xk+1, . . . , xn].
Proof. Uniqueness is obvious. Let us build such a polynomial h by induction on k. If k = 1,
then the polynomial h(x) =
∫ x1
0
f1dt satisfies the conditions of lemma (here the variable x1 of
the polynomial f1 is denoted by t). By inductive hypothesis, a polynomial h1 ∈ K[x1, . . . , xn]
is built such that
∂h1
∂xi
= fi, i = 1, . . . , k − 1.
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Setting h = h1 +
∫ xk
0
(fk −
∂h1
∂xk
)dxk we have for all i < k
∂h
∂xi
=
∂h1
∂xi
+
∂
∂xi
∫ xk
0
(
fk −
∂h1
∂xk
)
dxk = fi +
∫ xk
0
(
∂fk
∂xi
−
∂fi
∂xk
)
dxk = fi.
It is easy to show that ∂h
∂xk
= fk, so the polynomial h satisfies the conditions of the lemma. 
The following statement shows that Tn is universal (in some sense) for finite dimensional
nilpotent K[X ]-modules with one dimensional socle.
Theorem 1. Every finite dimensional nilpotent K[X ]-module V with one dimensional socle
can be isomorphically embedded in the K[X ]-module Tn.
Proof. Induction on k = dimK V . If k = 1, then V = K〈v〉 for any non-zero element v ∈ V .
We define the embedding ϕ : V → Tn by the rule ϕ(v) = 1 and further by linearity. Let
dimK V = k > 1 and W be a submodule in V of codimension 1 in V (such a submodule does
exist because the module V is nilpotent). Take any element v0 ∈ V \W . Then xiv0 6= 0 for
some i, 1 ≤ i ≤ n. Indeed, otherwise K 〈v0〉 is a one-dimensional submodule, and therefore
Soc(V ) = K 〈v0〉 . The latter is impossible since Soc(V ) is obviously contained in W . The
contradiction shows that xiv0 6= 0 for some i, 1 ≤ i ≤ n. By the inductive hypothesis there
exists an isomorphism ϕ : W → M , where M is a submodule in Tn. Denote by Si the
linear operator on V induced by the element xi, i.e. Si(v) = xiv, v ∈ V, i = 1, . . . , n.
Then S1, . . . , Sn are pairwise commuting nilpotent operators on V and
⋂n
i=1 ker Si is a one
dimensional submodule which coincides with the socle Soc(V ). Since dimK V/W = 1, we
have Si(v0) ∈ W, i = 1 . . . , n. Therefore, ϕ(Si(v0)) ∈ M, i = 1, . . . n and ϕ(Si(v0)) are
polynomials in x1, . . . xn. Let us denote fi = ϕ(Si(v0)). The map ϕ is an isomorphism of
K[X ]-modules, so the following equalities hold
ϕ(Si(Sj(v0))) =
∂
∂xi
(ϕ(Sj(v0))) =
∂fj
∂xi
ϕ(Sj(Si(v0))) =
∂
∂xj
(ϕ(Si(v0))) =
∂fi
∂xj
Since SiSj = SjSi, we have
∂fi
∂xj
=
∂fj
∂xi
, i, j = 1, . . . , n.(1)
By Lemma 1 there exists a polynomial h ∈ K[X ] such that ∂h
∂xi
= fi, i = 1, . . . , n. It is easy to
see that M +K 〈h〉 is a submodule of Tn. Let us show that h /∈ M . Indeed, suppose h ∈M .
Set v1 = ϕ
−1(h) ∈ W and note that ϕ−1 is an isomorphism of the K[X ]-modules M and W .
Therefore the following equalities hold:
ϕ−1
(
∂h
∂xi
)
= Si(ϕ
−1(h)), i = 1, . . . , n.
On the other hand, we have
ϕ−1
(
∂h
∂xi
)
= ϕ−1(fi) = Si(v0),
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and therefore Si(v1−v0) = 0, i = 1, . . . , n. The last equalities mean that v1−v0 ∈ Soc(V ) =
K 〈v0〉, thus v1 − v0 ∈ W . Since v1 ∈ W by above mentioned, we obtain v0 ∈ W. The latter
contradicts to the choice of v0. The contradiction shows that h /∈M . Define a K-linear map
ψ : V =W +K 〈v0〉 →M +K 〈h〉
by the rule: ψ(w) = ϕ(w), w ∈ W, ψ(v0) = h, and further by linearity.
Straightforward check shows that ψ is an isomorphism of the K[X ]-modules V and M +
K〈h〉 ⊂ Tn. The proof is complete. 
Theorem 1 is easily extended on non-nilpotent modules. Consider the linear space Pn :=
K[[X ]] of the algebra of formal power series in n variables, and define on it the action of the
algebra K[X ] in the same way as for the module Tn. Let λ1, . . . , λn be arbitrary elements of
the field K. The product Dλ1,...,λn := exp(λ1x1 + · · · + λnxn)Tn is obviously a submodule of
the K[X ]-module Pn. It is easy to see that λ1, . . . , λn are eigenvalues of the operators induced
by x1, . . . , xn respectively on Dλ1,...,λn.
Corollary 1. Let V be a finite-dimensional K[X ]-module with one dimensional socle. Then
V is isomorphic to a submodule of Dα1,...,αn for some α1, . . . , αn ∈ K.
Proof. Write SocV as K 〈v0〉 for some v0 ∈ V, v0 6= 0. Then xiv0 = αiv0 for some αi ∈ K, i =
1, . . . , n. Let θ be the automorphism of the polynomial algebra K[X ] defined by the rule:
xi 7→ xi−αi, i = 1, . . . , n. Denote by Vθ the corresponding twisted K[X ]-module. It is easy to
see that the module Vθ is nilpotent (because the elements x1, . . . , xn ∈ K[X ] induce nilpotent
linear operators on Vθ). By Theorem 1, the K[X ]-module Vθ is isomorphic to a submodule W
of the K[X ]-module Tn. The product exp(α1x1 + · · ·+ αnxn)W is obviously a submodule of
the K[X ]-module Dα1,...,αn. Straightforward check shows that exp(α1x1+ · · ·+αnxn)W ≃Wσ,
where σ is the automorphism of the polynomial algebra K[X ] defined by σ(xi) = xi+αi, i =
1, . . . , n. Thus we have Wσ ≃ (Vθ)σ ≃ Vθσ ≃ V . But then V ≃ Wσ, and Wσ is a submodule
of the module exp(α1x1 + · · ·+ αnxn)Tn = Dα1,...,αn. 
3. Automorphism groups of modules with one dimensional socle
Lemma 2. Let ϕ ∈ End(Tn). Then degxi ϕ(f) ≤ degxi f for every polynomial f ∈ Tn, i =
1, . . . , n.
Proof. Since ϕ is an endomorphism of the module Tn we have for every f ∈ Tn
ϕ
(
∂k
∂xki
f
)
=
∂k
∂xki
ϕ(f), i = 1, . . . , n.
Then the following relations yield the result:
degxi ϕ(f) = max{k ≥ 0 :
∂k
∂xki
ϕ(f) 6= 0} = max{k ≥ 0 : ϕ(
∂k
∂xki
f) 6= 0} ≤
≤ max{k ≥ 0 :
∂k
∂xki
f 6= 0} = degxi f, i = 1, . . . , n.

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We further use the following multi-indices
α := (α1, . . . , αn), α! :=
n∏
i=1
αi!, x
α :=
n∏
i=1
xαii ,
∂α
∂xα
:=
∂α1+···+αn
∂xα11 . . . ∂x
αn
n
.
Theorem 2. A linear transformation ϕ of the vector space K[X ] is an endomorphism of the
K[X ]-module Tn if and only if it can be written in the form
ϕ =
∑
(α1,...,αn)
αi≥0
cα1 ...,αn
∂α1+···+αn
∂xα11 . . . ∂x
αn
n
, cα1 ...,αn ∈ K.
The coefficients here are the form
cα1 ...,αn = ϕ
(
xα11
α1!
. . .
xαnn
αn!
)
(0).
Proof. Necessity. Let the linear transformation ϕ be an endomorphism of the K[X ]-module
Tn. Consider the map N : Tn → Tn defined by the rule:
N(f) = ϕ(f)−
∑
α:αi≥0
ϕ
(
xα
α!
)
(0)
∂α
∂xα
f, f ∈ Tn
(N(f) is correctly defined because the linear operators ∂
α
∂xα
on Tn are locally nilpotent). Let
us show (by induction on the total degree of the polynomial f) that the map N is identically
zero. Suppose that deg f = 0. Then we have N(f) = ϕ(f)− ϕ(f)(0) = 0, since by Lemma 2
the endomorphism ϕ does not increase deg f. Let deg f > 0. The map N is an endomorphism
of the K[X ]-module Tn (as a linear combination of endomorphisms). By induction hypothesis
N(
∂
∂xi
f) = 0 =
∂
∂xi
N(f), i = 1, . . . n,
so we obtain
N(f) = N(f)(0) = ϕ(f)(0)−
∑
α:αi≥0
ϕ
(
xα
α!
)
(0)
∂αf
∂xα
(0) =
= ϕ(f)(0)−
∑
α:αi≥0
ϕ
(
∂αf
∂xα
(0)
xα
α!
)
(0) = ϕ
(
f −
∑
α:αi≥0
∂αf
∂xα
(0)
xα
α!
)
(0).
It follows from the last equality and Taylor’s formula for the polynomial f that N(f) = 0.
The sufficiency is obvious. 
Corollary 2. A linear trasformation ϕ of the linear space K[X ] is an automorphism of the
K[X ]-module Tn if and only if it can be written in the form
ϕ =
∑
(α1,...,αn)
αi≥0
cα1 ...,αn
∂α1+···+αn
∂xα11 . . . ∂x
αn
n
with c(0,...,0) 6= 0.
Corollary 3. Every submodule of the K[X ]-module Tn is invariant under automorphism
group Aut(Tn).
Lemma 3. Let V be a module over the polynomial algebra K[X ] and θ ∈ Aut(K[X ]). Then
Aut(V ) = Aut(Vθ), where Vθ denotes the corresponding twisted module.
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Proof. Note that the modules V i Vθ have the same underlying vector space V, and therefore
Aut(V ) and Aut(Vθ) are subgroups of the group GL(V ). Let ϕ ∈ Aut(Vθ) be an arbitrary
automorphism. Then ϕ(a ◦ v) = a ◦ ϕ(v) for all a ∈ K[X ] and v ∈ Vθ. Taking into account
the action of K[X ] on Vθ we get ϕ(θ(a) · v) = θ(a) · ϕ(v), where the symbol (·) denotes the
action of K[X ] on V. Denoting the element θ(a) by b we get ϕ(b · v) = b ·ϕ(v) for all b ∈ K[X ]
and v ∈ Vθ (we used here that θ : K[X ] → K[X ] is a bijection). The latter means that ϕ is
automorphism of the module V. Thus, Aut(Vθ) ⊆ Aut(V ). One can prove analogously that
Aut(V ) ⊆ Aut(Vθ). 
We write down monomials from K[X ] in the form xλ := xλ11 · · ·x
λn
n , where λ = (λ1, · · · , λn)
is a multi-index. The following statement is well known.
Lemma 4. Let K0[[X ]] ⊂ K[[X ]] be the additive group of formal power series with zero
constant term and K1[[X ]]
∗ the multiplicative group of formal power series with constant
term which equals one. Then exp : K0[[X ]]→ K1[[X ]]
∗ is a group isomorphism, and therefore
K[[X ]]∗ = K∗ × exp(
∑
λ,λ6=0Kx
λ) ≃ K∗ ×
∏
λ,λ6=0K.
Lemma 5. Let M,N be isomorphic proper submodules of the module Tn and ϕ :M → N be
an isomorphism. Then there exist submodules M1, N1 ⊂ Tn with M1 ! M , N1 ! N, and an
isomorphism ϕ1 :M1 → N1 such that ϕ1|M = ϕ.
Proof. Since M 6= Tn, there are monomials that do not belong to M . Choose one of such
monomials, say xk11 . . . x
kn
n ∈ Tn \M, of minimal total degree. Let
gi = ϕ
(
∂
∂xi
xk11 . . . x
kn
n
)
, i = 1, . . . , n.
Since ϕ is an isomorphism between submodules, we get by the definition of gi
∂gi
∂xj
=
∂gj
∂xi
, i, j = 1, . . . , n.
By Lemma 1, there exists a polynomial g ∈ K[X ], such that ∂g
∂xi
= gi, i = 1, . . . , n. Note
that g /∈ N . Indeed, suppose g ∈ N. Denote f = ϕ−1(g). Then, f ∈M and
ϕ(
∂
∂xi
(f − xk11 . . . x
kn
n )) =
∂
∂xi
(ϕ(f))− gi =
∂
∂xi
(g)− gi = 0, i = 1, . . . , n.
The latter means that ∂
∂xi
(f − xk11 . . . x
kn
n ) = 0, i = 1, . . . , n, and therefore f = x
k1
1 . . . x
kn
n + c,
where c ∈ K is a constant. Since each non-zero submodule from Tn obviously contains the
field K, we have that xk11 . . . x
kn
n = f − c ∈ M. We obtain a contradiction to the choice of
xk11 . . . x
kn
n . Hence g 6∈ N. Set
M1 =M ⊕K〈x
k1
1 . . . x
kn
n 〉, N1 = N ⊕K〈g〉.
It is easy to see thatM1, N1 are submodules from Tn. Define the linear map ϕ1 :M1 → N1 by
the rule: ϕ1(m) = ϕ(m), m ∈ M,ϕ1(x
k1
1 . . . x
kn
n ) = g and further by linearity. Straightforward
check shows that ϕ1 :M1 → N1 is an isomorphism. 
Theorem 3. Let M ⊂ Tn be a proper submodule and ϕ : M → Tn a monomorphism of
K[X ]-modules. Then there exists an automorphism
∼
ϕ ∈ Aut(Tn) such that
∼
ϕ|M = ϕ.
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Proof. Let Ψ be the set of all pairs of the form (V, ψ), where V ⊇ M is a submodule from
Tn and ψ : V → Tn a monomorphism such that ψ|M = ϕ. Define a partial order on Ψ by the
following rule:
(V1, ψ1) 4 (V2, ψ2)↔ V1 ⊆ V2 and ψ2|V1 = ψ1.
If Z ⊆ Ψ is a chain, then there is an upper bound (V ⋆, ψ⋆) for Z, where
V ∗ =
⋃
(V,ψ)∈Z
V, and ψ⋆ : V ⋆ → Tn
is defined by the rule: ψ⋆(v) = ψ(v) for v ∈ V with (V, ψ) ∈ Z. By Zorn’s lemma there
is a maximal element (V˜ , ψ˜) in Ψ. Let us show that V˜ = Tn and ψ˜ ∈ Aut(Tn). Supposing
that V˜ 6= Tn and using Lemma 5 we get a contradiction to the maximality of (V˜ , ψ˜). Thus
V˜ = Tn. Further, if
∼
ψ is not epimorphic, then applying Lemma 5 to (ψ˜)−1 : ψ˜(Tn)→ Tn, we
have a contradiction to the fact that
∼
ψ is a monomorphism. Hence,
∼
ψ is an automorphism of
the module Tn and the restriction
∼
ψ on the submodule M concides with the monomorphism
ϕ. 
Corollary 4. If V1 and V2 are submodules of the module Tn and V1 6= V2, then the modules
V1 and V2 are not isomorphic.
We call a submodule M of the module Tn monomial if it has a basis over the field K
consisting of monomials.
Theorem 4. 1. The algebra End(Tn) of all endomorphisms of the module Tn is isomorphic to
algebra K[[X ]] of formal power series in n variables. In particular, the automorphism group
Aut(Tn) is isomorphic to the multiplicative group K[[X ]]
⋆ of the algebra K[[X ]].
2. Automorphism group of a finite dimensional monomial submodule M ⊂ Tn of dimension
m over K is isomorphic to the direct product K⋆ × (K+)m−1, where K+ is the additive group
of K.
3. Automorphism group of any finite-dimensional K[X ]-module V with one dimensional
socle is isomorphic to the quotient group of K⋆ × (K+)m for some m ≥ 0.
Proof. The first statement of the theorem follows from Theorem 2. Let us prove the second
statement. Denote by Aut1(M) the group of all automorphisms of the module M, which act
trivially on the submodule K〈1〉 ⊆ M. Let us show that Aut1(M) ≃ (K
+)m−1, where m =
dimKM. Let M = K〈x
λ1 , . . . , xλ
m
〉, where {λ1, . . . , λm} is a set of multi-indices numbering
a basis {xλ
1
, . . . , xλ
m
} of the monomial module M (the multi-index λ = (0, . . . , 0) belongs
obviously to this set). It is easy to see that an automorphism ϕ =
∑
λ cλ
∂
∂xλ
of the module
Tn acts identically on M if and only if
cλ =
{
1, λ = (0, . . . , 0)
0, λ ∈ {λ1, . . . , λm} \ {(0, . . . , 0)}
.
Obviously, such an automorphism can be written in the form
ϕ = exp(
∑
λ6={λ1,...,λm}
cλ
∂
∂xλ
),
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and, conversely, automorphism of such a form acts trivially on M . These automorphisms
form the kernel Kerψ of the restriction ψ : Aut1(Tn) → Aut1(M) (here Aut1(Tn) denotes
the group of automorphisms of Tn, which act trivially on the submodule K〈1〉 ⊂ Tn). Taking
into account Lemma 4, we see that the isomorphism ln(1−x) : K1[[X ]]
∗ → K0[[X ]] maps the
subgroup Kerψ onto the K-subspace G ⊆ K0[[X ]] with the basis {x
λ, λ 6∈ {λ1, . . . , λm}}. It is
obvious that K0[X ]/G ≃ (K
+)m−1, and therefore Aut1(M) ≃ (K
+)m−1. The last isomorphism
implies Aut(M) ≃ K⋆ × (K+)m−1. Let us prove the last statement. It is obvious that every
finite dimensional submoduleW ⊂ Tn lies in some finite dimensional monomial submoduleW
of Tn. Since, by Theorem 3, Aut(W ) is a quotient of the group Aut(W ), we see (using Lemma
3) that Aut(W ) is isomorphic to the quotient group of K⋆ × (K+)m for some m ≥ 0. 
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